
Interpolating Polynomials
-

1 1 Through a n y t w o po in ts , t h e r e i s
11

a l i n e .

F i r s t point: ( x , , y , ) pair o f numbers

s e c ond point: ( Y a , Ya )

( X2192))
•

, lx i iµ•



I f × , # X , t h e line y o u get ou t

i s o f t h e f o r m y=mx tb, i . e . ,

a funct ion o f X .



Q : w h a t a b o u t 3 points?

w h a t I w a n t : s o m e polynomial

pCx) t h a t passes through 3

given points. W e need t h e

X - va l u e s o f t h e points t o a l l

be different.



¥pkl" Given t h e points C-2 , 3 ) ,

( 1 , 4 ) , a n d ( 3 , 8 ) , f i n d

a polynomial t h a t passes

t h r o u g h a l l 3 points.

Solut ion: c a n w e so l ve t h i s easi ly,

i . e . ,
i s t h e polynomial a line?

Slope between (1,4) a n d (3,8):

8 - 4
⇒

= 2

Slope between
C-2,3) a n d ( 1 , 4 ) :

1¥, = I ¥ 2



The re ' s n o w a y t o m a k e a l i n e

through these t h r e e points.

Wha t a b o u t a quadratic

g - pix)-ax't b x t c

we're finding t h e coefficients a,b, and C .

Plug i n o u r points.

3 - pl-2) = H a - 2 b t c

4 = pcl)- a t b t c
g=p,,,=q,,
,¢

sys t em o f l i n e a r equat ions



3 = 4 a - 2 b t c

4 = a t b t c

8 = 9 a t 3 b t c

Can add/subtract multiples o f o n e

equation f r om a n o t h e r w i thou t changing

t h e s o l u t i o n .

Subtract 1st equat ion f r om t h e 2nd:

I = - 3 a t 3 b

Subt rac t
2nd equation from the 3rd:

4 = 8 a t 2 b , re d u c e
t o

2 = 4 a
t b



We n o w h a v e 2 e q u a t i o n s

i n just " a " a n d " b " :

I = - 3 a t 3 b

2 = 4 a t b

w e

s o l v e for b , plug into 1st

equa t ion

b - t h a t 2

I = - 3 9 +30
k¥- 5=-159

a = 1/3

plug i n



be-ya-12 = -4C's)t2

=
2 / 3

f inal ly, u s e a n y o f o u r original

3 equations t o solve fo r C .

4 = a t b t c

4 =
43+2/3 t c

( = 3

9=1/3, b-2/3 ,
( = 3

y=}x¥×t3 works !



Q : suppose yo u h a v e t w o points

( x , 19,) a n d ( x 2,92) w i t h X # 1 1 2 .

H ow m a n y quadratics pass through

these points?

I n f i n i te l y many!



Exempted: Given t h e points ( 5 , 7 )

a n d C - 8 , 2 ) ,
h o w m a n y

quadratics pass through

t h e s e t w o points?

Solution: a s before, w r i t e t h e quadratic

a s pix)=ax2tbxtc and

plug i n t h e points.

7=115)=25at5btc

2 = pl-8) = 64A-Sb
t o



7- = 2 5 a t 5 b t c

2 = 6 4 a - 8 b t C

s ub t r a c t
2nd equation f rom t h e f i r s t :

5=-39 a t B b

135=5+399

b e 51¥99

a c a n b e a n y n o n z e r o number!



Q : Given four points ( X i , b i ) , 42,92),

1×3,93), and ( X u , 9 4 ) .
Can

w e a l w a y s f i n d a quadratic

t h a t passes t h r o u g h these four

points i f n o n e o f t h e × - v a l u e s

equal eachother?

No.



Example: Given t h e points C-2,3),

(1,4), (3 ,8 ) , a n d (5,-l) ,

s h o w t h e re i s n o quadratic

through a l l fo u r points.

S o l u t i o n : W e already k n o w f r om

Example 1 t h a t

p i x ) - 132+213+3

passes through t h e f i rs t

t h r e e pairs o f points.

Jus t plug i n 7 = 5 i n t o t h i s

quadratic a n d check t o s e e

i f you get - I a s t h e

output.



p ( 5 )
=

52
} t }

- 5 t 3

= 255+311-3 f - 1

S o t h e re i s n o quadratic through

these four points!

No t e : i f pC5) had equalled - 1
,

t h e n t h e a n s w e r would have

been y e s .



Summary:

1) fo r 3 points, n o t a l l o n a

l i ne , w e c a n f i n d a unique

quadratic t h a t passes through

a l l 3 points i f a l l t he X-va lues

of t h e points a r e different.

2 ) For 2 points , w e c a n f ind

infinitelymany quadratics

t h a t pass through
these points

i f t h e X-values a r e different.



3 ) For 4 points, e i t h e r t h e r e

i s a un ique quadratic o r n o

quadratic provided t h e x - v a l u e s

a r e a l l d ifferent.

M o r a l : We either get 0 , I , o r

infinitely m a n y so l u t i on s .

T h i s i s because al l systems o f l i n e a r

equations h a v e e i t h e r 0 , 1 , o r

in f in i te ly m a n y s o l u t i o n s .



Given t h e points C-2,3),Examplet
, , , , , (3 ,8 ) , a n d (51-1)'

s h o w t h e re i s a c u b i c

through a l l fo u r points.

So lu t ion : Let pCx)=ax3tbx2tcxtd.

Plug i n t h e points.

3=pC-2)= - 8 A t u b - 2 C
t d

4 = pci) = a t b t c t d

8 = p (3 )
= 2 7 A t 9b t3c td

- I = p ( 5 1 = 1 2 5
a
t25b t5c td

-
s y s t e m o f l inear equations



Solve t h e s y s t e m l i k e w e d i d

b e f o r e . O r , a s k Wo l f r am Alpha

I s there a be t te r w a y t o d o

th is problem by hand?
Wh a t i s

Wo l f r am Alpha doing?


